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A Method for Calculating the Pressure Distribution of
a Body of Revolution Moving in a Circular Path

through a Perfect Incompressible Fluid
By
F. Vanprey

Reporss and Memoranda No. 3139*
December, 1953 |

Summary.—A method i developed for calculating the pressure distribution of 4 body of revolution moving aloag
circular path in an infinite invi.sdnduid otha'wim‘:%ill. v vine

‘The method ia based on the use of source distributions on the sucface of the body, Their strength is determined by
solving three intcfral equations comsrnnding to the clementary cases of a longitudinal translation, a lateral translation
and a rotation of the body ubout u lateral axis, The distributions of the relative velocit¥ on the surface are then
obtained by integrations. The complete solution for any particular case is obtained by a Vinear combination of the
throe elementary cases.

An wyrangement of the numerical work is given by which it can be carried out fairly automatically by a computer of
average experieace; several computers may share the work between them. Tables are given facilitating the calculation
of the kernels of the ititegrals which forms the major purt of the numerical work.

Intvoduciion.—Unlike the problems of calculating the pressure distribution along a given body
of revolution in motion along a straight line through a perfect fluid with or without an angle of
incidence for which numerous solutions have been given, the case of a body of revolution moving
along a circular path appears to have been treated so far only for a few special cases, The exact
solution of this problem is known for an ellipsoid and its various degencrationis from the classical
investigations of the nineteenth century which give also the lines of approach to the general
problem. An approximate solution for very elongated bodies was given by M. M. Munk in
connection with his work on the theory of airships.  Very few exparimental results are available
owﬁ:g the difficulty of measuring sufficiently accurately the pressure distribution of a model
att to a whirling arm,

It is easy to see that the motion of a body along a circle can be obtained by a superposition
of a longitudinal translation, 4 lateral tnum{ation and a rotation of the body about its centre
(= centre of its axis). These elementary motions can be trested separately and, methods being
available for calculating the effect of the translations, there remains only the gquestion of
calculating the relative low cuused by a rotation of the body about its centre.

This problem is closely related to the problem of calcuhﬂngl_;he transverse flow pust the body,
and any of the methods developed for this purpose (e.g. by Th. v. Karmun, C. or Mrs,
Fliigge-Lotz) can readily be extended to the case of a rotating body.

The present investigation was undertaken with a view to develo; a methad for calculnhnq
the ure distribution for a torpedo, This means in mathematical that the shape o)

the may be composed of arcs.of t curves (often straight lines and arcs of
andtlmg its c{,lrvutm may have isolated tinuities.( e
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The methods of v. Karman and Kaplan which use either explicitly or implicitly a generation of
the body by a distribution of singularities on its axis, will then fail in principle, because they
require the possibility of an analytic continuation of the flow into the interior of the body which
is free from singularities except on its axis. The method of Mrs, Fliigge-Lotz which uses a genera-
tion of the body by a distribution of sources on its surface, is free from this restriction, but has
the practical disadvantage of requiring an excessive amount of numerical work.

The present report is an attempt to reduce the work involved in the method of Mrs. Flijgge-Lotz,
The integrations which have to be carried out for this method are performed with the aid of a
mechanical integration formula which takes account of the singularities of the integrands.
Tables are given facilitating the numerical calculation of the kernels of the integrals and the
whule numerical work is reduced to the filling of certain forms which can be done fairly auto-
matically by a computer of average experience. The numerical cileulation is arranged in such a
way that severs! computers can be engaged in the work simultaneously, If at all possible, the
work should be divided up among several persons, as it is still so laborious that a single computer
is likely to get tired of it. It may be worth investigating if the present method can serve as a
basis for the application of high-speed electronic caleulating equipment to the problem in question,

With a view to the application of (e method to the case of a torpedo the arrangement of the
numetical work was made under the assumption that the shape of the body is ‘normal’, f.e.,
that it can be given in cylindrical co-ordinates by an equation r == rgt), where r(x) is a single-
valued function (not necessarily the same unalytical expression in different parts of the body)
with a continuous derivative r'(x) and a piecewise continuous second derivative #*(£). The shape
is supposed to have a finite radius of curvature at the ends of the body., The case of pointed
ends cun be treated in the same way after rounding off the ends with a small radius of curvature ;
this has only a local effect on the pressure distribution which remains practically unaltered
¢lsewhere. The case of an abnormal shape of the body, ¢.g., of a body with a flat nose cen be
treated in a sitilar manner, using the same integration formula but integrating along the arc
of the shape instead of along the axis of the body. It was further ussumed in setting up the
arrangement for the numerical work that the equations defining the shape have a comparatively
simple structure so that it is not too difficult and not too labotious to caiculate v, r’ and »" for
& great number of points, ‘

Throughout the present report, the maximum radius of the body is used as unit of length.
This is convenient as the sinﬁulnriti& generating the body under the various flow conditions have
the form of source rings with either constant (longitudinal translation) or sinusoidal (Jatitudinal
translation or rotation) distribution of their strength per unit length of arc of the ring. When
dealing with such source rings, the radius of the ring is a natural unit of length and, the body
being supposed to be elongated, its maximurn radius will be of the order of the local radius almost
everywhere on the axis of the body except very near to its ends.

The author regrets that, due to circumstances beyond his control, he has to present his results
in a comparatively condensed formi.

PARYT A-—GENERAL THEORY

1. Sysiems of Co-ordinates and their Transformation.—Consider u body of revolution revolving
with a constant angulur velocity 2 about a fixed axis in an inviscid fliud otherwise atill, All its
points will then move with constant velocity QR along circles of radius R about points of the
axis of rotation. Let C be the circle of radius R, and centre O, along which the centre O, of the
body (= centre of its axis) is moving with the velocity QR,.

The complete motion can then be described }y ozmystem of co-ordinates (X, Y, Z ; unit
vectors X, ¥, &) with the origin O,, the axis of i t with the line 0,0, at the time ¢ = 0,
2
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the axis of Y perpendicular to the axis of X, coincident with the position of 0,0, at the time
t = =[2Q, the axis of Z perpendicular to both the axes of X and Y and having the direction of
the vector 2. These co-ordinates will be referred to as absolute co-crdinates.

The use of the absolute co-ordinates has the practical disadvantage that the position of the
body and the pattern of the flow are time-dependent. It is easier to use a system of relative
co-ordinates (¥, v, z) with the unit vectors (x, ¥, 13 attached to the body in which the flow pattern
is independent of the time {/, On the other hand, the flow is a time-dependent potential flow in
(X, Y, Z) for which the pressure is readily obtained from Kelvin's formula. In (%, ¥, 2), the flow
is not a potential flow but has a constant vorticity. It is, however, possible to transform Kelvin's
formula into the system (x, ¥, z) and to obtain in thic way a convenient formula for the calculation
of the pressure distribution. .

In order to perform the transformation (X, Y, Z) Z (x, ¥, 2), consider first an auxillary system
of co-ordinates (T, N, B) with the origin at the centre O, of the body. Let the axis of T be tangent
to the circle C, pointing into the direction in which the body is moving. Let further the axis of
N coincide with the line 0,0, pointing into the interior of C and let finally the axis of B be per-
pendicular to the plane of C and point into the direction of & (Fig. 1). '

The absolute co-ordinates of O, at the time ¢ are obviously given by

0,0, = R, cos QX + R,sin 2t¥ + 0Z. .. - . - oo ()

The angles between the axes (X, Y, Z) and (T, N, B) are easily seen to be
(X, T)=3+2 (X,N)=a+Q (X8 =’2'I

(Y, T) = Qt (Y.N)=€_§+m (Y.B)=§ . N 1)
(2. T) =75 (z,N).—.iE (Z,B) =0
This gives the transformation
X — Rycos 261 [—sin Q¢ — cos 24 0
Y — R, sin Q¢| = cos Q& —sin 2 O)|N|, . . e o (3a)
Z 0 0 1JLB

e b

and the inverse transformation
Tl [—sin % cos¥ OJFX — Rycos 2
Nl=|—cosQ —sin @ O||Y — Rysin Q. .. e K )]
B 0 0 1 Z

Consider now the system of co-ordinates (x, y, 2) with the unit vectors (%, y, 8}. Its origin is again
the centre O, of the body. The axis of x is the axis of symmetry of the body, pointing into thn
direction in which the body is moving and forming an angle «( = angle of pitch) with the plane
of C. The axis of y is perpendicular to the axis of ¥, in the plane of C,

and forming an angle # (= angle of yaw) with the axis of N. The axis of z is perpendicular to

both the axes of # and y, pointing into the direction of the vector product x X ¥. %
The angles between the axes (T, N, B and (x, ¥, 1) are then easily scen to be given by $
cos (T, 4) = cosacosp cos(T,y) =sinp  cos(T,2) == —cosf sina sb"
cos (N, x) = — cosa sin cos(N,y)=cosp cos(N,2)= sinasing}. .. (4 O
cos (B, #) = sin« cos (B, y) =0 cos (B,3) = cosa a
3 —
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This gives the transformation

77 [ cosa cosp sin g — cos f# sin a7 [%]
[N = | —cosa sin § cos f§ sin & sin {3} [y , {5a)
Bl | sine« 0 Cos z]
and inversely
%¥] [ cosa cosp —cos« sin f sin o7 [T
[y = sin f cos 8 0 ] [N . . (55)
2] |—sin« cosp sin « sin 8 cosx] | B]

The transformation (X, Y, 2) Z (x, y, 2) is then obtained by combining (3) and (5)

[X — Ry cos 2 —~cosu sin (QF — ) — cos (24 — B) sin (¢ — p)sina] [x
Y — Ry sin .Q:] == [ cosa cos (2t — ) ~—sin (A ~ ) — cos (2 — p) sina][ }. (6a)

L Z sin « , 0 COS « 2
K — cosa sin (Q¢ — 8) cos a cos (2 — p) sin &1 [X — R,cos 2
y|=|— cos (2 — g) —sin{Qt -4 O Y — R, sin 2¢{. . (6D)
| 2 sin « sin (2 —f) ~—sina cos (& —f) cosa V4
Instead of using the rclative cartesian co-ordinates an, ¥, 2), it is more convenient to use relative
cylindrical co-ordinates (x, #, @) for the practical calculation :
= & y=rcosf z=arsing, . . ‘e .. (7a)
A= 4 r=+/(y"+2Y 0=tan“5,z. e ‘e e o (7h)

For the calculation of the relative velocity at a point P of the surface of the body (co-ordinates
%y *s, b,), it is necessary to introduce a further system of co-ordinates (n, ¢, b ; unit vectors u, ¢, b)
attached to this point. The axis of # is normal to the surface of the body, pointing into its
exterior ; the axis of ¢ is tangential to the meridian curve of the body passing through P and is
pointing frorn its head (v = - 2{2) to its tail (x == — /2). The axis of 4 is perpendicular to the
axes of # and ¢, pointing into the direction of increasing values of the ar co-ordinate 8
(= direction of the vector product n x t) (Fig. 2).

Only 'the angles between the axes (%, ¥, ) and (s, ¢, §) will be needed, as the transformation
(%, 5, 2) T (», ¢, b) will only be used for velocity components, s.e., for vectors,

If the shape of the body is given by an equation

re=1r(x) .. o . v . ‘e . (8)

in fhe'cyiindrical co-ordinates, the cosines of these angles (= scalar products of the corresponding
unit vectors) are easily seen to be

r cos 9 sin 0
v o W Aav/ ol Bt by iy
1 — 7' cos ¢ —r'sing . .. oo 9
7 e IR Ak (o I vl =
b.x=0 b.y= —sing b.x¥=coso
4
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2. Absoluic Velocity of @ Point of the Body [Co-ordinates (X, Y, Z); (x, y, 2) and (%, r, 0)].-—The
absclute velocity of a point P of the body, 7.¢., of a point with fixed co-ordinates (x, ¥, 2), is

V. =2 X QP, .. N - . - ‘e .. .o {10)
where '

n';\Qz ) ) .. .o e . ‘e . e (11)

‘.

is the vector of the angular velocity and O, the origin of the absolute co-ordinates. If, at the
time ¢, P has the absolute co-ordinates X, Y, Z, the vector QP is

OP = XX+ YY¥+2%. .. oo vv e e 12

The absolute velocity is then

X vy 2z
Vo= |0 0 2 =2(—=YX+X¥). .. .. . . ..o(13)
XY &

Introducing the relative co-ordinates (x, ¥, 2), V.. becomes with respect to (6)
Vi 7= Q[(Rgcos f — ) cos ex 4 (Ry sin § 4 % cos & — 2 sin )y
— (Recos f —y)sineg], .. . o o . . v (14)
This gives
Vad o @(Rycos f — 9)* 4 (R sin § +- x cos a — z sin «)Y] ‘e o oo (15)
= W(Rycos f ——rcos0)' + (Rysin fl + xcosa — rsin 0 sin a)?] . oo (15a)
Equation (14) can also be written in the form
V. = Q[R, cos « cos gx 4 R, sin fy — R, sin « cos g%
+ €08 a(xy — yx) 4 sin «(y® — 2¥)] . ‘e . o . o (14a)

This means that the complete movement of the body can be considered as the result of a
superposition of the following elementary movements :

(i) Translation in the direction of ¥ with the velocity V, = QR,sin §

(iil) Translation in the direction of z with the velocity V, = — QR,sin« cos § > . (16)
(iv) Rotation about the axis of x with the angular velocity 9, =~ Q sin « l

(v) Rotation about the axis of z with the angular velocity @, = 2 cos «

(i) Translation in the direction of x with the velocity V, = QR, cos « cos # '

No rotation occurs ubout the axis of y, this axis being chosen in a plane perpendiculer to the
vector £.

3, uelatve Particle Velocity of the Fluid ai a Poswi of the BodByO&C'aﬂrdiuatcs ré.:[, Y, 2) and
%,3 /)].—If Pis a point on the surface of the body or outside the body in a fixed relative position
constant co-ordinates x, 9, 2) and if #(X, Y, Z, ¢ is the time-dependant potential of the flow,

the relative particle velocity of the fluid at P will obviously be

vnl == (d)x - vnlu . ‘)x + (¢y —'vnh 'Y)y + (Oa ‘-vlh ' ’)' . v L ‘e (17)
5
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The derivatives @,, ®,, @, can be obtained from (X, Y, Z. #) by the transformation equation (6) ;
these expressions are, however, of no particular interest for ¢he mesent purpose. Introducing
the components of V,,, from (14), the relative velocity be-omes

Ve = [P, — 2 cos a(Rycos g — ¥)]x
4 [P, — Q(Rgsin f - x cos « — 28in «))y
4 (P, — D sina(K,cos 8 — M)z .. o - . o .o (18)
and consequently with respect to equation (15)
Vi = V! — 209((®, cos « — @, sin a)(R, cos g — v)
4 O (Rysin f 4- ¥ cos « — zsinx)] 4 [, 4 &2 4 D7), o .o (19)
4. Calculation of the Pressure.—The absolute flow caused by the revolving body is a time-
dependant potential flow; the pressure is therefore to be calculated from Kelvin's {ormula
p—po=mpl, = hp(@F + BN, . (@)
o will in general depend on ¢, In the present case p, can, however, be assumed as constant.

'his equation can be given a more convenient form by introducing the relative co-ordinates, as
the relative flow is independent of the time 4

In the system (x, ¥, 2) the derivatives of & with respect to X, YV, Z and £ are

ay K
ax FPeax e @)

and correspondingly for @,, @, and @,. The derivatives of &, y, # with respect to X, Y, £ are
obviously the elements of the matrix in equation (6b) .

0%
Dy = &, X + &,

ox

Tx = —cosa sin (¢ — g), ete., ; . . s o oo (22)
the derivatives of «, y, ¢ with respect to ¢ are the componeuts of — V,,,
-g-?a — (R, cos B ~ ¥) cos a, etc, . . o o (29)

This gives
P — b= + pQ[(Rycos f — ¥) (P, w05 « — D, 8in a)

4 (Rysin g 4 xeos a — zsina)®,] — [p(@2 -2+ 02, .. (24)
or with respect to (19)

p=p=bVal=Valle L ()

This equation is formally identical with Bernoulli's equation for a stationary translation of the
body. It is, however, to be noted that V,, is not constant but varies with the distance of the
point P from the axis of Z.

5. Absolute Velocity on the Surface of the Body [Co-ordinates (n, ¢, b)).—For the calculation of
the flow conditions, the absolute velocity on the surface of the body has to be determined in the
systems (m, ¢, b) of the surface co-ordinates attached to the points P of the surface. This is
eaml{ performed with the aid of the scalar products of the unit vectors (x, y, 5) and (n, ¢, b)
which are given in equation (9). Introducing

x=(n.xn+4 (t.x)t + (b.x)b

.
.
:
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and the corresponding expressions for y and 2z into (14}, the absolute velocity becomes

T r 1
Vi =1, I.__\/(‘l“ ) n - VARG t+0 b]
[ sl rleos o
AV [ n = T t i)

+4- 1, [>-— sin 0 n - 4 o t - coso b]

VTR T T
4 £2,0n+0t+4rb)

(¥ 4- rr') cos 0 (kr' = ncos6, - ’
+ 82, ["'ﬂ{/(ml_ﬁ—“r")" n - VU t-xsind bJ ) o (27)

with 17, 17, 17, ©,, 2, tromn (16).

6. Relative Velocity on the Surface of the Body [Co-ordinates (n, ¢, b)|.--8.1, General Remarks. —
It was shown in equations (14a) and (16) that the complete movement of the body can be
considered as the result of the superposition of a longitudinal translation, two lateral translations
and two rotations. The potential equation being linear, these elementary movements can be
considered separately.

The following investigation starts from the geneial equations for the calculation of the relative
velocity on the surface of a body moving arbitrarily in an inviscid fluid otherwise still. These
equations will then be specialised so as to give the solutions for the elementary translations and
rotations (16). At last the solution of the complete problem will be obtained as a linear combination
of the elementary solutions.

6.2, General Equations for V., in Vector Notation.—Consider a solid body moving in an inviscid
fluid otherwise still, so that o point P = (x, #, #) of its surface § has the absolute vclocitﬁ Vo it
a certain time & In general ¥V, will be different for differcut poiats of S, although subject to
certain restrictions expressing the condition that the form of the body remains unaltered, Only
in the case of a simple translation of the body, V., is constunt for all points of S.

The surface of the body being impervious for the fluid, the relative purticle velocity on S must
be in the tangential plane of the body., The moving body will therefore generate a velocity field
in the fluid with & normal component on S equal to the normal component of V,,,. This velocity
field can be produced by a suitable source distribution D on 8.

A single clementary source of strength dg at the point J7 of & induces the velocity
R
qu='i,.dg o .o ' ) X o ‘e . . (28)

at the point P, where R i# the vector P, The total velocity ¥, induced at P by a distribution
of thoe strength
dg ‘
F=fmrno
per unit area of § is obtained by an integration, taking into account that the source at the point

P gives a finite contribution to the normal component of ¥, which equals half of its total output
per unit of area.

Vil n ) = 2aflan 0t [ flep O)ade. o o (30
7




The condition of equal normal components of the two vectors V¥, and V,,, is then
vum-n::‘vb.n, .t . . . .o v . . (31)
or
Vi 0= 20 f(3, 7, 0) + f S p, @) B.'[\nq do
8

For a given distribution of V,,, on &, this is a linear integral equation of the second kind for
the strength f of the distribution D.

N )

If £ has been determined from (32), the relative velocity on the surface is easily obtained as
the difference of V;; and V.,

vnl»‘"f—' .M‘{"v“, . ‘e . ‘e ‘e . e ) (33)
or, the normal components of V,,, and ¥, being cqual,

Vu= [—V..,..t—}- fsf(s". ' G)B'Pda:lt

ne

t[~Vabt [ep 0 Bla]e. L L e

6.3, Introduction of Co-ordinates wnto the Kernels of the General Equations.—Yor the practical
calculation, the expressions

. BR.t R.b p
B}\g,gdd. “ui de and = %o . . . e . (35)

in the kernels of equations (32) and (34) have to be expressed in terins of the co-ordinates,

Equations (32) and (34) are quite general and hold for any form of the moving body. With a
view to the problem under consideration, the body will now be assumed to be a body of revolution.

With P = (v, 3, 2) and I7 = (¢, 9, {), the vector R is obviously

Bee(p—8x+(y—n)y4-E-0x. .. .. .. . (36).

Its absolute value is .
Ref{s ="+ (y =)+ (=0% .. . .
Introducing cylindrical co-ordinates, R and R become
B = (v — &x 4 (rcos 0 — pcos @)y + (rsin 6 — psin 6)z, v (88)
R = y/{(x — &M+ 7" 4 p* — 2rp cos (0 — O)}.
The scalar products of B and the unit vectors n, ¢, b aré then with respect to (9)
Bo=(@x--§(@ X)4 (rcosd —pcos @) (m.y) 4 (*sin 0 — p sin ©) (n.x)
_r—r'x—¢) —pcos{0 — 6)

.87

= i o e o oo (40)
and correspondingly
. B t=E—8+rir—pcos(— 6) ) 41)
Vi) Lo

B.b=psin(h — &), o . . . - . v (49)
The element of area do being
do==pdO /(L4 p"dE .. o o e oo .. (49)
8
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in cylindrical co-ordinates, equations (32) and (34) can now be written in the forms
v..,..n B 27lff(x,r 0)

i pa _[r=r'(x =& —pcos (8 = 6))p 14-p7
+ e S e e e ()
deE, " e (44)

or
gx,7,0) = ry/(1 + " Vy, . 0
I e ty —r'(% -8 —pcos(0 — @)
" f_u.fo 860, 6) e T4 = 2rpcos (3 — Gypd0 U, . (45)
with
gx,r,0) = Lur o/(1 A1) f(x, 7, 0), ' (46)
and correspondingly
Vi oo b [—v.b. b |
e F &) rlr—=peos(0 —6)] g
f mf 'P'G .\7((_’;_:._)' 47 4 p* — 2rp cos (0 — 9)})° 4o d&_.,
Ha . sin (0 — ©)
b [‘ Vo b+ [ [ a8 s W s e
L) df] (47)

Equations (4'5) and (47) will now be specialised in order to obtain the solutions for the clementary
movements (16).

6.4(a). Calculution of N, for alongitudinal ivanslation (¥, = V, x).—VFor reasons of symmetry of
the flow, the strength g of the source distribution is a fum.txon of the only variable » and V¥, has
the direction of t on the surface.

Introducing into the general cquation (45)

Vi. =1, x,x. 0= — \/(-1—+——,,)‘ 0 — 60 = yand g(x) = g(x) V., - v (48)
the intcgml t.qu.mon becomes
- o b tr—rE &) —pcosyldy ¢
gl = rr’ J._”‘gl ) [f° an.\/{(x - e)l 4- 7 3- Pl e 2)‘(1 cos x}]'] d{: . ‘e (4.))
The integra tion with respect to y can be carried out with the aid of complete elliptic integrals.
The result 1s

i) = ' = [ oo [E S G + 6] ey o0
= —pr — fij:.g.(f WK yolx, &) dé, . . . . e . .. (50a)
with o
=i g 0 e e (8]
G = ey, (-7
Gk = LRGN —E®Y . . ()
9




The relative velocxty is then obtained from (

47)
Vierions _ - _ ”/' (&) f (¥ — &4 r'(r e cos 2] 4x ‘ d
Ve V(14 'I“ "") —J/a 2|

\/{:\.—5)‘ et = 2rp cos y})*
or, after integrating with respect to z

vlel'mlﬂ - ! —_ itk y (& (3': ‘E) 1_( ca
_Vx _\/(1 + r/a) I:l f_;/.él(s) g(:& - {:)l - (f‘ P) Gl(’ )

L e T P T
= [ [ [Rue, 01 Kuts 0] de] . s

Appendix to Scction 6.4(a).—Potential of the Source Distribulion for the
Longitudinal Translation

The potential of a single elementary source of strength dy at the point I -- (&, p, @) of the
surface is given by

Y ;
A iz — W Ny . o o . o e oo {(58)
The source distribution on the surface will then have the potential
wz-._ff(s,p,(-))},~du. R 1/
s 1Y
This gives
o= V[ i [ 3 Jue
e . _‘,a(’“’ 2:‘:\/{(,1——&)‘-] P, = ’rp(Obx} ¢
ar, after integrating with respect to x
23
Py = — V, §) Gy(h . R £
loug f -l( )\/{( ) (r_{ /l)} ( )
1/
=-Vf Gl Kulv, ©ds, o0 . e .. (5%)
-1
with o
Gulk) = ZK (A .

6.4(b). Calculation of V., for ¢ Latcral Translation.

1]

In the case of a lateral transtation of the body in the directions of ¥ or z, it is casxly seen that

the solution of the integral equation (45) must be the product of a function of & and cos ¢ or
sin 0, respectively, In fact, let

cos 0
Y,y ¥ sin 0 v, cos 0
V.b, V, g & = '\—/“.:I“—_r“) and ,_!,'(x, t, 0) = V, 5.(.%) sin 0 . ‘e . (61)
10
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The integral equation can then be written in the form

e w @r[r——r(x—&)—pcos(0~(~))]
Gl®) v J £(®) U - - d@] de. (62)
103 o 89 2[4/ {(x — E)* 4- 7* 4- p* — 2rp cos (0 -— B)}]°

sin
Taking account of the rLlutlom
cos sin
95 — (0 - = - @ r — 0 . . . 3
sin sin |0 (0 — )] sin 50 cos (0 — ) == sin {0 ) (63)
and
h ’
f Fleos y)sinydg =0, z==0—6, .. .. .. .. (64)
[

the kernel of (62) is reduced to
o~ —&) —p cos xlcosy
J 2o/ (5~ EF 47T pt = 2rp cos gy
The integration with respect to g can again be carried out with the uid of complete elliptic
llltbglalb The result is

L /8 " iy —p =1 — é)] _c{i_ L N
f,,, e R e e

(85)

i
r—f &) Kulr, &) dt, . (664)
with A* us given by (81) and
% (1 - KL — 25K
e = SO = BORE) L L L e
1 (14 BEK(R) — (3 4 kLR
oy = LA ORE) @ LATEE L L L (68)

MU=1 =0 .. . . v . . o Ve . . .. {89)
The relative velocity is then obtained from (47). This gives with respect to (9), (61), (63) and (64)

V cos
vwllul Ty y[ : .
Vel _tsing (, v P [(x — &) -|~ r_j_—pws x)) cos g (
v IR e 44 48

(1477 cin® 2?t[\/ % — §)' 4 7' 4 p* —2rp cos y}]
sin L/ oy o pam’ X (70)
T B e LA 1
and finally by integration with respect to g
v . V,,{ cos
MRV _tsing r, (& =) 4 =) by s
\/( 37 [’ -’«Ulé’(&). =8 =) H (k)
dé
+ 5 fwx-e> )
s.m o 1 ps dt
B IR LTS S| AT
with _r "
H.(k')=;~:( + ) (’:)“‘ (). . . .. ., - s . . (72)
11
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or with the use of symbols for the kernels

Vo — V,{ cos
ity b tsing |, _ +i . )i +1
W [7 j (8 Kulx, &) dE p f—”'g.(E)K“(x, &) d{-’]

-i/8
s
st +;f_mga(e)hu(x,e)de”. e (1)

Appendix to Section 6.4(b).— Potential of the Source Distribuiion for a
Lateral Translation

Introducing into the general formula (57) for the potential of a source distribution its strength
in the case of a lateral translation

£ Yy &%) cos 0 '
S 0) = V(Zau\/(l+r"))sin0‘ " ' " v o " o 1y

the potential becomes

o - V, p+in = ' cos ®
h V.f &lé) U. sin @ de] a¢ (74)
~ia o Zny/{(x — E)V F 7+ p' - 2rp cos (0 — O)}

and after iutegrating with respect to 6

- Vycos , pHin dg '
Ou=— ot [ el B ey e e o (9)
V +1/8
TV, g;: 6 J._mgu(f) Kalz, )de. .. .. .. ..« .. (75)

6.4(c). Calculation of V., for a Rotation abowl the Axes of v or z.

S, X x.%
vm= - .
S,y y.x

As in the case of a lateral translation, the solution of the integral equation (45) is easily seen to
be the product of a function of x and either sin 0 or cos 6. With

2,72.x %.%
v‘ _ [ -— ‘e s ' s BRK . (76)
Q2,lx.y y.X%x

) o
% -7 8,s1n

v.hg.nx:FV(—l“m<.‘) COSO e ‘e v “ .o (77)
g(x,f, ) :{‘20 g’()i::; ) e ) ‘e . . » e (78)

‘equation (45) becomes

r(x -by) s W yy ~r'(x - &) — pcos y]cosy
s =5 - [ e [ e e e B e ™
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The kernel of this equation is the same as in the case of a lateral translation (¢f. (65)). The final
form of the integral equation is therefore

rx + rr') Ha [y —p —r'(x = §)] '
i) =g w0 [E=5m = mwn

dé :
G B T T

=—7,,§~——ffj“g.(em..(x.e)de. e e e (B0e)

The relative velocity is then obtained from (47) with
H t
V. .t= - .Q,smo( v —7r )

T —Q,c08 6 \\/ (1T (81)
— Q,cos @
Vie b= - g, s:)na(x) .- (82)
which gives in the same way as in equations (70) to (72) above the finai result :
v, ! Q, { — sin ¢
Wt TEa foos [ra—y (MR (&= 8= 0) g
e (S = [0 G

+5 H’ ;\/{ de-l-(r+ ']

L 3 a¢
+:io§ah[i7§+;f-mg'(e)ﬂ'(k)\/{(x—6)’+(r+P)'}:|] oo

I Q,( —sin

S e s
B __fi://: ) Kul# €) dé’] CO&G b I:l/z 4! 1 J"" n £) Ku(x, &) df]} (83a)

Appendix to Section 6.4(c).— Polential of the.Source Disirsbution for a Roiation
. about the Axes of y or z

The potential is obtained in the same way as for the lateral translation (equations (73) to

(75)) W s
f(x 7, 0) = ¢29 2”;\—/5'-5?,4 wos O (7
¢My, = :}‘ 20 JLH" SIn 9 dO ]d&' .. (85)
~i/1 o 2n/{(x — &)} - 1* + p* — 2rp cos (8 — 9)‘}
Driys = i-%gjzz,’; [  66) Bk e f). o TR
= :tlgg:ixaf_mg.(e)lfu(x. dE. .. v oo v e ue (86a)
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6.4(d). V. for a rotation about the axis of %
Vi =2, (y.8—2.¥)].

It is obvious that a rotation of the bod% about the axis of x cannot create a velocity fleld in a
perfect fluid. V¥, is therefore simply — V.

.vnlrolxz—as(y""‘z-y)“ Ve ‘e ‘e ‘e ‘e (87)
) ¥
e L1070 TP P

7. Summary of Sections 1 to 6.—The preceding results can be summarised as follows :

(1) If a body of revolution is revolving with a constant angular velocity 2 about a fixed axis
in an inviscid fluid otherwise still, the pressure at any point P of its surface is given by

P—P°=§P(VAUI.__ nl’)' ‘e .o . e “a s (89)
(2) Vs is given by

V! = Q[(Rycos 8 — rcos 6)' + (Rysin 8 4 x cos « — 7 sin 0 sin «)*] . . (90)

(3) In order to calculate V., the motion of the body is considered as the result of a super-
position of the following elementary motions :
(a) Translation in the direction of x with the velocity ¥, = QR, cos « cos §
(b) Translation in the direction of y with the velocity V, = QR, sin g
(¢) Translation in the direction of z with the velocity V, = — QR,sin « cos g o9
(4) Rotation about the axis of # with the angular velocity 2, = Qsin«
(¢) Rotation about the axis of z with the angulur velocity @, = L cosa .

These elementary motions can be treated separately.

(4) V,, for the elementary motions, The condition of zero normal velocity at the surface S is
satisfied by a source distribution D on S. Its strength is determined from an integral equation.
V.. is then obtained as the difference ¥V, — V,,, where ¥, is the velocity induced by the

distribution at the point P.
{#) Longitudinal translation.
Integral equation :
, 4i/2 e
st = = = [ a0 [ o
Py a&
b G N

Relative velocity :

¢ i £ —¢&-+r'(r—p) "
Vo = Vi iy [ = [ 800 [ = G
? e dg
+;‘G.\k)} V{(x—-e)'-*ﬂ(r—l—P)i}] . o e . .o . (%)
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Potential of the source distribution :

I de |
=~V.[ eO6W ey o e e o O

(0), (c) Lateral transiations,

= il [r —p —7 ( 5):] » ¥ aé
o) =7~ [ et [l H) + B | S 99
vulm = V’ { t (:95 6

Vi{ “sin_ ., =+ 70 —p) .
V(1 + %) [r J‘-mg'(f) }(x —&+ e Hi(#)

v . a§
+ T e )

s1 1 phin . de
ici)‘;”[”"r'f- “"‘*)"'("’v«x—e>'+<r+p)'}]} o ®

— V', cos @ d¢

Dy, = - V sin ) .. gl(\') Hy(#Y) V=0 F T P)'_} . o o 0]

(2) Rotation about the longitudinal axis.
!
Vs = — Q’-l—[l'b . .o o ‘e . - o o . (98)
¢m‘."“0 s ‘e A .. (X} o v e X} ‘. . (%)

(¢) Rotation about the lateral axes.

PE ') Hn (e —p — (% = &) 17 1o
sl = — [T ) M e HAY)

dt
+mwﬂv{ T e e e (100

LR, —sind
vnlruly.1=2 { +0050t [f’x—"f J'+l/l x—f+f(f"P) H

vy T = LB = =

ALY

' . a¢
+ R =)

cos 1 dé
+ im0+ 000 B0 gy e")‘-+(r+p>"}]} coo o
I 2,sin  Ho o
Bt = i“cosof-f BB i g e (0D
15 .
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PART B.—ADAPTATION OF THE THECRY FOR THE NUMERICAL WORK

1. Discussion of the Integral Equations and the Formulae for ¥, and &.—1.1, Siruciure of the
Kernels—The kernels of the integrals for the lateral translations are identical with the kernels
for the rotations about the axes of y and 2. The kernels for the longitudinal translation have a
very similar structure, The only differences are that the elliptic integrals H, are replaced by the
corresponding G, and that the d-component of V. is zero.

The kernels are built up from the following expressions
A= AE— =) e e . .. (109)
==+ +nt .. . o o (104
b=(r—p)—r'(x—¢ . . . . . .. (108)
c=x—¢& +2rr—0p. .. . . . .. .. (108)
A geometric interpretation of these quantities is given in Fig. 3. Introducing the abbreviations
Ame =L .. .. . Lo
1 _
B & =12 .. .. . . ... .. (08
L)
C(x.é')=’-‘c-.‘,-- . .o . . . .o s ‘e (IW)
A ‘

the kernels become
K, = (BG, + Gy4 Ky = !BH, + H,)4

Kn == CG;A Ku =a CH;A (110)
Ky = G,A Ko = Hyd oo

'l‘hé: modulus &' {equation (51)) of the functions G, and X, can also be expressed in terms of 7,
aad ry

=S . . e . . . o (111)
)
¥or the numerical work it has some advantages to use in general the complementary modulus
k'.=Z!;._. ' .o . e . . ) e (112)
s
This wili be done in the following :

The equations for the g,, V., and & are then

g,(x)=-w'—f’::::gn(e)x;.(x,'e)de.. e e e ) .

Vs = V"V(I“EFT"') [1 - j :':I':g‘(e) Ku(#, £) d¢ — ’7 f j:::m) K%, &) de] v (114)

w...a-—V.jf:l':e.(e)x..(x.e)de e e e )
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g.(x)=r—fi:::g.($)K..(x,£)d$ OO T 1 |

Vv
vmm=Vy t:?so 1 P! pHs
\ontam [7 = [ o) Kus 01 de =" [ gu(6) Kals, &) dé
-1/ rJo.us

i:,';“[i+~',fi://:g,(5)Ku(x.E)de]} RN £ £ )

. 0 [+ ,
Ou T Y gne]  BE Kaln 6)de L (11)

ﬁ—.-‘- '12 ji://:g.(f) K‘(x. f) df ‘e X .. LX) L s (119)

7]
{ Q, (—sin
vnlm&yu:" ’ N .o-t Par om i
24, »\i}(il’g%:?ij I-r-’i‘/"z*‘r - fi'l &(é) Ku(¥, &) 4¢ ‘
=7 e Kt 61 a8] + G0 0 [+ 5 [ ) Kl 0 de]] . (1)
! Q,sin

¢,.|m,,‘ =1 j: z -Q cos a J'kl g.(&') K‘.(x, 6) df LI L] . e . . (121)

vn‘l iy = = 1'2"0' 1‘72 b (122)

P O € )

1.2, The Functions G, and H,—The functions G, and H, were defined in equations (52, 53, 60,
67, 68 and 72) in terms of the standard’ integrals ,

E(#) -—j V{i — #sin* v} dy and K(k f il __k,sm.—) (124)

gheh;l d;}velopments for &* « 1 and &'* & 1 are easily obtained from the well-known developments
and K

Rl )
G,=1—!-k'~—&k‘—§§6k'...
1

Gl'-"‘k"}"szk"‘*‘ "“k‘
c.==1+4k'+3;k‘+253’*'---; v e e (129)
H=dptdus Bow..

1 15
Hl=—§k.+i6'ﬂk'“.
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k'-<1LetA=:1n;},

Go= 21 g — bt e = B ] W
Go= 2[4 == garr— S la—2lur. ]

Go=2la -t Gla=ilie. ] L
Hoem L[~ 9 4 i fa =gl e o~ gl #e ]
B TS R T

n
For k'* = 0, the functions G, and H, are finite, whereas G,, G,, H, and H, have a logarithmic
singularity.

If tables of the complete elliptic integrals
=% cos®y dy " gin® p cos' p dy
B = [ iy W= [ G )
n /8 Sinl V“ dw N
D) = [ i)

are available (e.g., Jahnke-Emde, Tafeln hoherer Funktionen, 4 Aufe., Leipzig, 1948), the following
;ﬂtemative formulae for G,, H,, H,, H, will be found useful for the numerical calculation of these
unctions :

(127)

GmlmD@) .. .. . L L L

B, =2 [2B() — B
.. (129)

= 21Dk — (e

Hy = Z[D(M) + E(8) — 3B(4]
. <. (130)

- ;f K2C(kY) — D(kY]

Hy= 2 cy
\ O € 1)1
= 2ppgey - k)

A three-figure table of the G, and H, is given at the end of this report ; its accuracy will in
general be sufficient for the present purpose.
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1.3, Singularitics of the Kernels and 2 ‘miting Cases.——In order to develop a suitable method
for the evaluation of the integrals occurring in the numerical work, the singularities of the
kernels have to be considered, A special treatment is necessary for the ends of the body where
the elliptic integrals degenerate,

1.3(a). Stngularitics of the kernels for & + 4. 1j2.—Only the case & - x has to be considered.
Introducing the development

p=t—r(x—& 4P E—-E—..., . o . .. .o (132)

the expressions 4, B, C and 2’* become .

A= 1o — 0 (r - o)) 120 L . . . . .. (138)

L | I - S
R R 2y S (=) ~ ~arey - (184)
X —
of7 P
C = 2‘3.__5)) * _";("___!.3.) = 1%::.(" :‘—‘t) A 1 (135)
x El__l_’___Pi f—-—p'x—é x""f“ . e
e
T =) 1+
n__ ¥ — po—p x—¢ . -r't '
k' == (x—:e)":F(r“-i«“z)' TETTEN T4 (=& n (x— &' (136)

The behaviour of the functions G, and H, is obtained from the first terms of their developments
(126) for k" < 1 with

4 8
.4—h1k-;—%lnv(l—:*;—r,,) lx_’_elo e ‘e «s s e . (137)
The kernels become then
Ky LG, Gy 1 Zal 8 1 .
o= (B * ) 4~ (- i+ =g —a) - 0
Ky Gy 1
K“=CH1A~¥;r(x—:—g5 o e .o ‘e ‘e o .o (139)
Bu Gy Vg & 1
o= A By =y me) e o (40
Ba_ Gy V(. 8 0 |
= mA sy e e e o e (4
‘ Ky and K, have a singularity of the type (v — &)-'; the other kernels have u logaxithmic
singularity for § — %, '

1.3(3). Ends of the body—The ends of the body reéuire a special treatment, as the elliptic
int:ghz s G, and K, degenerate on the axis, It is sufficient to consider the head (x = +- }/2),
as corresponding formulae for the stern are easily obtained by a change of the direction of
the axis of . Practically, the calculation for the stern has but little importance, as the flow
conditions there diffex too much from the behaviour of a perfect fluid,
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Let
! i . . . .
- =0. ’ | TR e t tll ’ fi KN . e 142
r(+2) y (+ 2) w in such a way tha Hnlr:’rr is finite (142)
Near 5 = 0, p is then given by
. /jznm ~-—-£)§ R U C |
A=yl e

The integml equation for g(x) becomes then

& (l} = hm (—. "') f—.‘l/igl(e ;ug {flf'— [d “'r(__"' 6)] Gl + G}de‘ .. (144)

/)
or ™ - L\/{g jé()' (*F 2}
e i P et de) .
with respect to
G=l, G kforkn(———),+(r+P)i< e e .. (148)
The kernel of this equation has a singularity of the type

1{2—6 (]

[VI’ "‘5) + ! t] [,‘/32“”‘ §] (i—f)-‘,.f°"5*g- (147

The values of g.}l/2 ) and g,(//2) axe easily seen to be zero. It is, however, advisable to determine

theuixmxts of gu(x)/r(x) and g(x)/r(¥) which can be obtained in a similar munner as g,(}/2). The
sy 1
e 8’-(" ria) = j - lmer
3{; — &) lim (— »'
- [l (2~ T e o
-1 8alE)lp 2 Ji i (‘2 —_ e) + o
with the singularity of the kernel '
T (Qz—e)mn(~")“‘ ~ ez 2= ¢ I
. 7 ’ V{2 lim (=) \
o[ ilG=¢) + ]| (-¢) ++ ,
for6—>2- v .. (149)
Consider now the c%atxons for V,yy. In longitudinal translation, V., will obviously be zero at the
ends of the body where the relative flow past the body has stagnation points
'lin;;. vum(x) - 0 . . ‘8 . e ‘e . (150)
In the case of a lateral translation, V.., has a finite limit at the ends
o rds
limn V() == 9544 4. 380 p) (1 &) 2 . (181
lm i) .( .un = cos h) * f-m f2 [\/3( - e) +p !]‘ o
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The singularity of the kernel is
p' 1 { =i/ !
;ﬂn@iQWERT*ZWMMWSMJ¢-Q foré>g. . (169

hFor éls rotation of the body about its longitudinal axis, the relative velocity is obviously zero at
the ends

l_iﬂ}nvmmlx (x) =0. [ ve O] e v o v O] (153)
Finally, the relative velocity for a rotation about the axes of ¥ or z is obtained as
. ! 2, (+ sin cos % TR ga(§) ptdé
1 ot y, s 50 0 .0 i) 'f 7] .
N RO erer ) Ry

with the same kernel as (151) and its singularity (152). Consider at last the equations for the
potentiul, The limit of @, is

ﬂm“~="”kﬂxﬂﬂyﬂgisqjq' oo 099

with 1 | 1 y l
T ™ o T e — € for & = 5. .. (156)
»./,(‘2‘ e) _H.z Vi (= 7] (z ) )

The limits of @, and @, arc zero for reasons of symmetry.

2. An Integration Formula for the Numerical Evaluation of the Infegrals.—The numerical
evaluation of the integrals occurring in the integral equations and in the equations for ¥4 and
@ is most conveniently carried out by using an integration formula of the type

+i/2 -
I(x)=f_mg(€)K(x.e)de=zg(e.)p.K(x.s.). N 4 £ 7))

As the kernels of the integrals have singularities, the points &, and the corresponding weights
2, have to be determined in such & way that the singularities are automatically taken account of,
his can be achieved by a suitable transformation of the variable of integration &.

The singularities can be of the types

(@) X(%, &) ~log | — §&| for ¢ — x
ORE~E=n rews b (s
©K(£508)~| 2y~ forew sy
Consider
Me);  de =h:€) dhE) . e e e e e (158)
Then I Al /) () K 1 ik 160)
W)= [, ) K 855 dE) e e

In order to remove the singularities (158) as far as possible, A(%) has to satisfy the following
conditions : :

(@) Bz — &) = = B(E =2},  Mx) =0

. L} LR 181
)] }1_!:! K(x, &) h_':c‘) == finite or zero in the cases 158 (4) and (¢) (181)

2i
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The first condition is necessary with respect to the singularities of the type 158 (b) of the kernels
K, and K,,. The corresponding integrals huve to be calculated in the form of their so-called
principal values ; this requires that the points ¢ have to be distributed symmetrically with
respect to x, at least in the neighbourhood of x. This gives

SEAEL) =8 o oo e e e e (18Y)

and together with 161 (a)
j’—v::}bv"' .. L . L] ‘. Y . (163)

The second condition is required in order to remove the singularities 158 («) and (¢).
A transformation satisfying these conditions can obviously be chosen in many different ways.
A comparatively simple transformation of this kind is
= fsam (& — ".Lf;z‘.L..) 5
hié) - {sgn (¢ x)}J(lE ER) ey
= 2UE— e =241 L (169
The condition 161 (¢, is obviously satisfied. 161 (b) is also satisfied since
lim K, §) re = 26m (K(v § V(16— 2}, o o o .. (168)
tru W(¢&) Ry
which is zero in the case 158 («) and finite in the case 1588 (¢). The transformation has further
the properties
lhn }l(f)-:l v .« ') ) X . X . (l67)
t>w
and
im koA w2, Lo L (1e8)
1w £ A (£) ’ '

wh(iich are convenient when dealing with the practically most important case of an elongated
body.

Introducing (164) and (165) into (160), the integral becomes.
M4 18)

I o= [ g(e) Ko &) 2/l = #1(1¢ = 514 1)

. E—x%
a[Esgn (¢ — 2) «/(T&' t= qu)] e e (189)
This integral can be evaluated approximately by using the trapezoidal rule,
Let fisst & 14 - //2, and let

_fz-_—a bpa=a<tn<. o <ta<<éb

SECE < b <bam e =t . . (170)
be a set of points on the axis of the body satisfying the condition

$—b_,=§ —xfory < Min(n,m) .. ‘e o oo (171)
[¢f. equation (162)].

The general trapezoidal rule for non-cquidistant points gives then
+.
I(x) = ) _2_'“5'(6,) K(x, &) b - v . . o (172)

with the weights
" '0 1Y h ¥ .
Pig_(i—t%;f(e:)ﬁ-—‘) e “s (Y o v . s . . (173)
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or, with respect to (164) and (165)
b= Vil = #1016 = 21+ 107 [fsmn (6o — ) f (125 )
—en =) (B2 e

&' in (172) indicates that the term corresponding to » == 0 is zero, as the singularity of K is of
the types 158 (a) or 158 (b).

Let now & -+ | /2 and
l l

—g=bam = << <Ea<b=h=tg (175)
' In this case, K has a singularity of the type 158 (¢). The trapezoidal rule gives then
l :
, 5= &-
! 4 l NART - (4 l 2 !
= S - J o f - ] R R
1(y) = 2 e K (g e) o+ e(g) him [K (304)/ (5= )] AP 1)' e

with the same values of the p as in equation (174). The limits of K4/(J/2 — &) in this formula
are given in equations (147), (149), (152) and (156) for the various cases.

For the practical application of the integration formulae (172) and (176), it is convenient to
use a standard set of values |x — &,| which correspond to approximately equal values of 44 and
are numerically convenient.  In the subsequent numerical examples, the standard set

, . S
v 0 |:tl £2] £8] 44 is]is £7 | 28 29+ 0l4 11412+ 18 4+ 14

¥ o &m0 | F00R0 043 013 02 F 0l 07 3 1 [F15F26 14 |F6 (T[T Fw (177)
by ‘o-(flaéo-o42,so-o77.4 0+134] 0-245] 0-320 o-amlu-sss 1-24| 185 2-44] 4-02)12.72] —

po=0-08951in (176) .. .. C e (1770)

was used. In general, the two ends of the body ¢ = 4- 4/2 will not coincide with one of the
points ¢, for any particular point 4. The first two points ¢, < ¢, < — //2 and the first two
points &uqy > fu > - 42 in (177) were then replaced by — //2 or 4- //2, respectively, and the
new values of the weights p_,, D..,41) w1, Pw were calculated from (174).

Example: | =10, ¥ = 4 3
5—u=5-«u=“5.&u=—3»~-.50="1'3p---»£|-'-= '4"4?550"‘510“'}‘5

from (177).
pa= VB9 (Jo- J) =0 L
j)-"=\/(6.7')(~/g_\/é)'=0'839

The weights are then

-

oy D10 t0 Py as in (177)
!’ 2 l L)
i b= /(18 X 2:8Y (x/ii'--\/2)=“‘530
¢
! . ), - 2 115 = - )
b= VB (f5 - Joi5) =018,
1 23
\
i
1
.~
.-‘.“'.“ T e o Y el 7 W m’-

=
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The results of the subsequent numerical examples suggest that the set (177) gives a sufficient
accuracy of the numerical integrations in most cases of practical interest, especially for the
lateral translation and for the rotation. In the case of the longitudinal translation where the
requirements on the accuracy are considerably greater, the set (177) gave quite satisfactory
results for an ellipsoid. The results for a longitudinal translation of a torpedo with a hemispherical
head were still fair but the velocity near the head of the body was found up to about 2 per cent
less than the velocity which was obtained in a previous calculation with the use of the vortex-ring
method. The latter results which were obtainad with about twice the number of points ¢, were
in excellent agreement with American experimental results, This suggests that it may be
advisable to use more points &, for the caleulation of the longitudinal flow which unfortunately
will lead to a corresponding increase of the already considerable numerical work,

8. Procedure for the Numerical Calculation.—In the actual numerical work, the functions g,,
the relative velocity and the potential will be calculated for a certain number of points # (in the
following referred to as pivotal points) along the axis of the body. The selection of these points
is therefore the first problem for the computer. Generally speaking, the pivotal points should give
sufficient guidance to draw the curves g,(x), V.u(2) . £, é’t,.(x) .9 and #(x). They should be
spaced rather closely together in those parts of the body where irregularities (suction peaks,
influence of discontinuities of the curvature, cte.), may be expected. The front end of the body
(% == - 1{2) should be a pivotal point, but it is in general not necessary to use ¥ == — /2 as one,
because the flow conditions near the stern of the body will differ too much from the behaviour
of a perfect fluid. It is advisable to start the work with about 12 to 15 pivotal é)oints , more
points can be added later in the course of the work wherever they may be required.

The subsequent procedure of the nurnerical work is given under the assuraption that the shape
of the body, ulthough it may have isolated discontinuitics of the curvature, is composed of arcs
of relatively simple analytical curves (e.g., straight lines, circles, ellipses, parabolas, etc.), so that
it is not difficult and not too laborious to obtain sufficiently accurate values of ¢, #’ and #” for
every point ¥ und of p and p’ for every point §,.

Consider first the case x v 2,

By far the greatest part of the numerical work is required for the calculation of the eight
kernels (110) for the points &, The calculation follows closely the pattern given in equations
(103) to (1122. The first step is the cal~ulation of the expressions b, ¢, 7,* and #,* (equations (103)
to (106)) on Form I. The calculation of b requires sotne attention near § == x, as 6 15 there of the
order ' and has to be calculated from # and p which are of the order 1. In order to obtain &
with an accuracy of 3 significant decimals, » and p have to be calculuted with about 7 significant
decimals, 7' with 5 to 8 significant decimals. Form II gives then the calculation of p4, Bt, C,
& and the elliptic intograls G, ,,y and H, 4 ,, and Form I(LIZI the final assembly of the kernels,

The calculation is then split up into three parts corresponding to the Jongitudinal translation
Forms IV and V), the lateral translation (Forms VI and VII) and the rotation of the body
Formy VIII and I1X). All necessary instructions for the numerical work are given on these forms,

The solution of the three integral e&umati()ns for the g,(x) is carricd out by iteration, In the
case of g;(x), the direct iteration according to the scheme

M) = £) + [ W) Kz, &) dt
(e = /) L e (1)
) = f5) + [ huesld) Kx, €)

1 In some coses, the calculation of B can be simplified near ¢ = 2, cspeclally if both » und § are on 4 part of the
body where the shape is un arc of circle,
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was found to oscillate and to converge only very slowly. A much quicker convergence was
obtained by the scheme

halz) = §/(2)
Bo¥(0) = )+ [ ) Kl €) 08, @) = H0ale) + B¥E) . L (180

£:(x) and gy(») could be obtained from (179). Two or three steps of the iteration procedure
were in general sufficient and a fourth step had only to be carried out for the pivotal points
near to the ends of the body. After each step of the iteration, the resuits g,,(x) were represented
by a curve from which the values g,,(§) were read for the subsequent step of the procedure.

Special forms are needed for the case ¥ = [/2 where the elliptic integrals in the kernels degenerate
(equations 142 to 156). These forms I (2) to IX (a) contain also all the necessary instructions
for the numerical work.

After carrying out the calculation of V,, and @ for the elementary translations and rotations
of the body, the result for the complete motion can casily be obtained by a superposition
(equation (16)).

4, Formudae and Forms for the Numerical Work.—Body of Revolution in Translation or
Rotation. Calculation of the Kernels for x = 12,

FORMULAE :
1. Longitudinal translation:
ST Lol o Bl )) PN TSR Y R WD
AW - (x . ‘t)i _+ (?‘ — P)l Gl(k) '{ Gl(k) \/{(x — e)l _*4 (f _|[_ P)‘}
¥ 1

Ky FZE L0 P Gy o
CEETH T Y G T e
, 1

I\“ == k' .

1
RVCER ENERY

2. Lateral lranslation and rolation.

Ku o= Gl(k'

Ky = | =¢ t_r—'(x:—f W Ee) 3 Hyw V{‘(;:"g)'-lq_‘(‘,“_‘:‘,;).’}
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EXAMPLE 1.—Eliipsoid b a=1:4

In order to check the accuracy of the method, the calculation was first carried out for the case
of an ellipsoid of fineness ratic b : @ = 1 : 4, Figs. 4 to 6 give the distributions of the relative
velocity in Jongitudinal translation, lateral tramslation and rotation about a lateral axis,
respectively, in comparison with the known exact solutions. In general, the agreement is very
good. Close to the ends of the body, the error of the present method tends to become greater,
but is still small enough for practical purposes. The calculations were carried out with the
standard set (177) of points &,. If a greater accuracy near the ends of the body should be desirable,
this is likely to be achieved by using more points &, for the points x near the ends.

EXAMPLE 2.—Torpedo of Fineness Ratio 1. 8

As a second numerical example, the calculation was carried out for a torpedo of fineness
ratio 1 : 8, Its shape, composed of arcs of circles and straight lius, was given by the equations :

7 x 4 . I
(Hemisphetical head),
2, -rL: 1for — 2008 < % < +7

uax [VES

(Straight cylindrical central part),

8. e N/4‘113-715- _ (.’f_ + 2.003)'

Rz

— 12:715 for — 4385 < 2 < ~2.008

Nax

(Transition to the tail).

4, L=0.1763—"—+1-5647for—8<-;’ﬁ-<—4-385

nUx nax A

(Conical tail).

At the rear end of the body, /fuu. = — 8, #[7.. is not zero as re‘?uired by the definitiorf of a
‘normal ’ shape. 1t was assumed for the calculation that the end was suitably rounded off,
The rear end of the body was, however, not included in the number of the pivotal points as the
resulf of the calculation was likely to have little practical value beyond x = — 6 or — 7.
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Body of Revolstion ¢n Longitudinal Transiation.—Calculation of g, ¥.ype and B JOr % £ 12
FORMULAE :
L. Integral Equation:

+4/8
8@ = = — [ a(e) Kulx, ¢) de
~i/1
Solusion.
=« {ry'

i
fut = —r'— J‘..mgu(f) Kulx, ¢) d¢, gu = Hgw + 1Y)

gt = =1 = [ 0ul) Kl 0048, g = Hlgu + )

2. Relative Velocity:

+i/8 ’ ot
V..m, = V, -{/'(1—5_713) [1 - f—l/l gl(E) Kll(xn 5) d§ ~ ”;‘f_“.gl(e) Kll(x' é’) ds:l
3. Potential:

¢N=-V,f

+i/8

n gx(f) Ku(x, f) dg

-3

i Ll
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=z =z =82 = 0T
au-Ey @ma 616 #H? | ¥ ()73 ] =2 52 "gd |9} —
jr4 W )] Tots T8l 8 Zi i) 5l ¥ 3] 4]
{7)%2

wospmisuv4 f [ouspnyduoy sof

suorenbsy (piSau] oys Jo woymjoS “AT— uoHDIOY 40 uOHTISUDAT W uoum0a2Yy Jo dpog

Qu A e e ety A WP e T




et T —

Body of Revolution in Translation or Rolation.—V. Relalive Velocity and Polemiial

Jor Longitudinal Translation

(1 (2] (3] 4] (6] (8] 7] 8]
¢ &ld) Py 12].(3) | pKy | (2].(6] | pKu | {2].07}
X = (» 4/2)
r
;=
1
V7
L[4] = Z[6) = L[8] =
"
v, 1 — Z[4] — 7 Z[6)

V=gt

O“"—V,SIB]- qataV.

—— e > . e ——— = —

- -
" -




Body of Revolution in Lateral Translution,

FORMULAE :
1 Tutegral Equation:
L }
) r— f ) Kk, &) dt

Solution:
fw T

B
o v j | ule) Kl €) de

v
La Ft— J’ “'A'au(s) Kylx, §) dé

2. Relative Velocity:

V. S04
Vit { £

V‘, sin , R
vl 4’y [’ ) -‘-m
sin

Cos r

/8

3. Polential:

Caleulation of ga, Vi, and &y, for x + 12

le) K, 8 s = [ " e) Bls, € de]

Vocos ' .
— ¥ 7ol & x, 8 dE .
O =y im0 wle) Kulx &) s
:w
(o)
S B R -y TYWET ki " "

rJa

480 b[: 4! f " l€) Kl §) d."]}

s & e b L ..

R

e U

-
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Body of Revolution in Translation or Rotation. ~VII. Relative Velocity and Poteniial
Jor Lateral Translation

e | w | e © | m g
E a0 | pKa | 21180 | pKae | 2008 | pKe | i21.07)
(#42)
v =
L
r
S S
(5
L[4) ™ I[6] m I[8) =
V ’ \ ! 4] 4]
Vo= 1/ [r — x4 =Lz 28], sin ]
i st (1 5R) e
V, cos sin
=V:(“"'sin“i‘""'cos“’)
a1 Vy COS V, cos
Py = — L8] V: gsin? =0 V.sin?
35
(78108} L

1
|
|

4
}
{
i
!

TNy W S S W
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Body of Revolution in Rotation.—Calosilation of gy, Vey. and @, for x # 12

FORMULAE :
1. Integral Equation.

gt =) [ i) bt ) d

Solulion:
B = Lx;/-z""
oo = ’(f'_“}‘z " _ f *:/’ 2nl*) Kualr, &) dé
g = " = [ ene) K )8

2. Relative Velocity:

+i/8
Vani =350 T et [z~ f  Bole) Kuls, ¢) de
v+ 7")

_"f“" £) Ku(s, §) d ]

cos x 1 e i
+ P [l’/z' + ;f_mg.(f) u(®, &) d&]}

l r
vnlmu =om— 2011172!’ .

l.(),{ -~ sin 04 rrx

3. Polential:

i Q,sin .
Py = 2 s 20, ios _"__‘ &(8) Ku(x, ¢) dé

wmu =0,

~ -t
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Body of Revolution in Translation or Rotalion,—1X. Relative Velocity and
Polential for Rotation

1) 2] (3] [4) (5} (6] (7) 18]
¢ &) PR | (2.8 | pRa | 2105 | pKe | 121.07)

% (4 2)2)

o=

N

V(L 4"

v

=

x

8=

ra—r
e =

L[4] = l L[6) o 2(8] =
|

N e # i {— SIN % &[8])cos
Vidraty, e = g .QZ {_]2‘ - 24] -— 72-[6] (_,‘_ cos 0) t -+ (1[2 -+ , ) sin 0 b}
V(1477
-9, —sin) ) cos ]
2!),[ ..... (+coso t-|.....e:il'10h
: i r l
v"'“'"'iz‘a'z]ﬁb“‘ﬁ"'f ----- b
_ L baysing o L Qysin
wmly,l = :L' 2 .Q: cos 9 L[SJ == _—f_' ZD.C_OH 0.....
Dy 0.
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Body of Revolution in Translation or Rotation.—Calculation of the Kernels for x = 12
YORMULAE : Let lin‘1 (=) =a.
Ee 1
1. Longiludinal Translation:

2=
Ku g bl

ST
with I_im (& (5 e) JE= )] = o

I\u
J (=) o
with Jim [ , (“,’ e) ,\/ (i - e)_] - %/'(I'Zu) .

2. Lateral Translation and Rolation!

AR ey

- é).-{ p*
with | }g}}u l’\w( *) »/ (Iz - éﬂ - 4\7'1(2“'5
An
N (R R
with ‘lj:f}u [K“ (2"' G) '\/(!l& - 6)] = 2\71(2“)
a8
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Body of Revolution in Longitudinal Trarislation.—g,, V., and Py for x = 1f2
FORMULAE

1. Integral equation:

Gj2) == lim (- rr) [1-] ':/’: (&) Kuo (‘2 ) de]

Solution.

gulf2) = § lim (— )

au*(2) = lim (— #7') [1 ) K. (4. 5)‘15] = §gn + gu¥)
8 et )_”.610 s wlg, y Bu = 10 T §u

2, Relative Velocity:
Vi (0/2) =0
3. Potential:
Qo (12 = = V. [ (6) K (3, ) dt
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Body of Revoluiion in Translation or Rotation.—V (a). Relative Velocity and Polential
Jor Longstudinal Translation
I (2] 9] (4] ]
¢ &lé) Py (2] . (3] j
%= = 12 H
a::‘!i‘E’“(—"): {
i
| |
!
4
(r2) 0-074
Va
bl . l‘[‘] -
. Veiiong (4/2) =0
oo Doy (0/2) = =V, Z[4] = ..... V.
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Body of Revolution in Lateral Translation.— lirP &%) [r(x), Vg, and Dy, for x = 12
=it
FORMULAE :

1. Inlegral Equalion:

:1-1;:14‘{.(( )) =1~ .r /.g.(ﬁ) Ku(lf2, £) dé

i/
Sviution.
lim 3»"‘(")
it T(%)
lim §u{ «=1-f' ’gzul-lx..u/z &) d
i YA i

2. Relative Velocily:
. v cos ., + sin g (&
Vau 012 = [= somot ¥ S on][1 4+ [ @l e, ¢ 2]

— COS

3. Polentsai:
@, (42) =0.
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Body of Revelution in Translation or Rotation.—V 1] (@). Relative Velocsty and

Potential for Lateral Translation

(1] (2} ‘! i3 A‘ 4]
¢ a0 | pRa |12l |
- |
X = = {f2
a—‘l.l:}}u(— ') =
|
|
i |
|
{
|
) 0-0352 )
Ve
- . }
Z4] -

Voo 0f2) = 2 [

-v[-

®u (2 = 0.

€08
sin
coy
sin

it e, Ik + 2(4])

4- sin
“—cosob]'.....




Body of Revolution in Rolalion.— lit?ag.(x)/r(x), Vi and &, for x -~ 12
- )/ ,
FORMULAE :
1. I'mtegral Equation:

‘klg’gz%) — 4t ‘"“ e - e 5-“’ Kullf2, &) dé

Solution.

u-»un '(’3)

i G =14 h'n}'m“ el gy, ¢ g

2. Relative velocsty:
Viwos (42) =0

s L— CO8 sin

Viuwsns (1) = 5 7 [T S0 64 S50 m] [1 4 [ 800 ke, ¢ ae].

3. Polendial;
wm- (”2) wMy ' (1/2) =0,
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Tables of the Functions G, and H,

For k't < 0:0'10, the functions G, and H, are
G1(0-0*+4x) == 0-637
G.(O’O"""x) == G.(O'O‘x) + O'W”
Gy(0:0"*x) = Gy(0+0%) 4 0-732%
H\(0:0'*%) = 0-637

Hy(0- 02} = H(0-0'%) 4 0-366n
Hy(0-04+7x) = Hy(0+0) + 07320
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